LINEAR KOSZUL DUALITY II COHERENT SHEAVES 
ON PERFECT SHEAVES 
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Abstract. In this paper we continue the study (initiated in [MRIO]) of linear Koszul duahty, a geometric 
version of the standard duahty between modules over symmetric and exterior algebras. We construct 
this duality in a very general setting, and prove its compatibility with morphisms of vector bundles and 
base change. 



Introduction 

0.1. In |MR10) we have defined and initiated the study of linear Koszul duality, a geometric version of 
the standard Koszul duahty between (graded) modules over the symmetric algebra of a vector space V 
and (graded) modules over the exterior algebra of the dual vector space V* (see e.g. [BGG781 IGKM93] ) . 
In our setting of |MR10j , we replaced the vector space F by a 2-term complex of locally free sheaves on 
a (smooth) scheme X, and V* by a shift of the dual complex, and obtained an equivalence of derived 
categories of dg-modules over the symmetric algebras (in the graded sense) of these complexes. As an 
application, given a vector bundle E over X and subbundles Fi, F2 C E, for an appropriate choice of a 2- 
term complex we obtained an equivalence of derived categories of (dg-)sheaves on the derived intersections 

FiHe F2 and F^ He* F^ . Here E* is the dual vector bundle, and F^,F^ C E* are the orthogonals to 
Fi and F2. A version of this equivalence (when F2 = E) has been used by the second author in |RilO] to 
construct a Koszul duality for representations of semi-simple Lie algebras in positive characteristic. This 
construction is also used to study a more geometric question in |UI10| . see |AG121 Appendix F] for the 
relation with the definition of singular support for coherent sheaves. 

The main result of this paper is a further generalization of this equivalence, where now V is replaced 
by a finite complex of locally free sheaves of arbitrary length (in non-positive degrees), on a scheme 
satisfying reasonable assumptions. (Schemes satisfying these conditions are called nice, see this 
class of schemes is much larger than the class to which |MR10j applies.) See Theorems ll.4.1[ [ 1.6.11 and 
ll.7.1l for three versions of this equivalence. This generalization uses ideas of Positselski f |Poll] ). and does 
not rely on |MR10) except for some technical lemmas. 



0.2. If f is a complex of locally free sheaves of Ox-modules, then it is well known that the category of 
quasi- coherent Sq^ (^^)-niodules is equivalent to the category of quasi-coherent sheaves on the (unique) 
vector bundle whose sheaf of sections is £. By analogy, if A" is a finite complex of locally free Ox-modules, 
then the derived category of quasi-coherent dg-modules over the (graded) symmetric algebra Sym^^ ('^^) 
can be considered as the derived category of quasi-coherent sheaves on the complex X . So to any bounded 
complex X of locally free Ox-modules on a nice scheme X (in non-positive degrees) one can associate 
a derived category of quasi-coherent sheaves on X , and in this terminology linear Koszul duality is an 
equivalence between certain categories of quasi- coherent sheaves on X and on 1]. 



I.M. was supported by NSF grants. S.R. was supported by ANR Grants No. ANR-09-JCJC-0102-01 and No. ANR-10- 
BLAN-0110. 
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Assume moreover that X is a Q-scheme. Then if A" is a bounded complex of locahy free sheaves, 
the complex SymQ^{X) is a direct factor of the tensor algebra Ta^{X); it follows that \i X ^ X' is 
a quasi-isomorphism of such complexes, the induced morphism Sy'aiQ^{X) — )■ SyvciQ^^X') is a quasi- 
isomorphisrrQ (since such property is clear for the tensor algebra). If X moreover admits an ample family 
of line bundles, then using ^SGAGi Lemme 2.2.8.c] we deduce that for any perfect sheaf F in 'D^Co\^{X) one 
can define the derived category of quasi-coherent sheaves on T (which is well defined up to equivalence; 
i.e. this category does not depend on the presentation of as a bounded complex of locally free sheaves), 
and then one can interpret linear Koszul duality in these terms. This justifies our title. 

Note however that we will not use this point of view in the body of the paper. In particular, as our 
results make sense in arbitrary characteristic we will not restrict to Q-schemes. 

0.3. In Sections [5] and 13] we study the behaviour of this linear Koszul duality under natural operations: 
we prove compatibility results with respect to morphisms of perfect sheaves and base change. We will 
use these results in |MR13a) to construct a geometric realization of the Iwahori-Matsumoto involution 
of afRne Hecke algebras. 

These compatibility properties are inspired by the results of the second author in [RilOl §2], and are quite 
similar to some compatibility properties of the Fourier transform on constructible sheaves (see jKS90[ 
§3.7]). In fact, we will make this similarity precise in |MR13b) . showing that our linear Koszul duality and 
a certain Fourier transform isomorphism in homology are related via the Chern character from equivariant 
K-theory to (completed) equivariant Borel-Moore homology. This result will explain the relation between 
the geometric realization of the Iwahori-Matsumoto involution in |MR13a| and the geometric realization 
of the Iwahori-Matsumoto involution for Lusztig's graded affine Hecke algebras constructed in |EM97j : 
see [MR13bj for details. 

0.4. Notation. If X is a scheme, we denote by Sh(X) the category of all sheaves of Ox-modules. We 
denote by QCoh(X), respectively Coh(X) the category of quasi- coherent, respectively coherent, sheaves 
on X. 

We will frequently work with Z^-graded sheaves M. The (i,j) component of Ai will be denoted M'^y 
Here "i" will be called the cohomological grading, and "j" will be called the internal grading. Ordinary 
sheaves will be considered as Z^-graded sheaves concentrated in bidegree (0,0). As usual, if is a 
Z^-graded sheaf of Ox-modules, we denote by A^^ the Z^-graded Ox-module such that 

{M^)) 'Homo^{MZ:),Ox). 

As in |MR10) we will work with Gm-equivariant sheaves of quasi-coherent Ox-dg-algebras over a scheme 
X (for the trivial Gm-action on X)0 If ^ is such a dg-algebra, we denote by C(.A— Mod) the category 
of Gjn-equivariant quasi- coherent sheaves of Ox-dg-modules over A. (Beware that for simplicity we do 
not indicate "G„i" or "gr" in this notation, contrary to our conventions in |MR101 fRilOj .) We denote 
by I?(^— Mod) the associated derived category. On a few occasions we will also consider the category 
C(.4— Mod) of all sheaves of Gm-equivariant ^-dg-modules on X (in the sense of [RilOl §1-7]), and the 
associated derived category V{A—Mo6). 



Note that this property does not hold over a field k of characteristic p (as pointed out to one of us by P. Polo); for 

instance the symmetric algebra of the exact complex (fe — ^ k) where the first copy is in even degree, is the de Rham 
complex of (with possibly some shifts in the grading); in particular its cohomology is not k. This gives a simple example 
of the principle that the theory of commutative dg-algebras is not appropriate outside of characteristic zero, which justifies 
the need for Lurie's formalism of Derived Algebraic Geometry. 

^In a different terminology one would replace "Gm-equivariant dg-algebra" by "dgg-algebra" (where dgg stands for 
differential graded graded). 
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If X is a scheme and T an Ox-modules (considered as a bimodule where the left and right actions 
coincide), we denote by ^Ox^^\ respectively [\q^{J-\ the symmetric, respectively exterior, algebra of 
T , i.e. the quotient of the tensor algebra of T by the relations ! ®g — g® f ■, respectively ! ®g + g® j and 
/C3i/0 for /, g local sections of J- . If is a (Gm-equivariant) complex of 0x-modules, then these algebras 
are sheaves of (Gm-equivariant) dg-algebras in a natural way. If is a complex of (Gm-equivariant) Ox- 
modules, we denote by Sym^^ (T) the graded-symmetric algebra of T ^ i.e. the quotient of the tensor 
algebra of T by the relations f ® g — (— l)!'^! '^ ® / for f,g homogeneous local sections of T, together 
with f ® f for local sections / such that |/| is oddo Again, this algebra is a sheaf of (Gm-equivariant) 
dg-algebras in a natural way. 

We will use the general convention that we denote similarly a functor between two categories and the 
induced functor between the opposite categories. 

0.5. Acknowledgements. This article is a sequel to |MR10] . This work was started while both authors 
were members of the Institute for Advanced Study in Princeton, during the Special Year on "New 
Connections of Representation Theory to Algebraic Geometry and Physics." 

We thank L. Positselski for his encouragements and for suggesting to look into [Pollj for solutions to our 
spectral sequence problems. 

1. Linear Koszul duality 

1.1. Nice schemes. Most of our results will be proved under some technical assumptions on our base 
scheme. To simplify the statements we introduce the following terminology. 

Definition 1.1.1. A scheme is nice if it is separated, Noetherian, of finite Krull dimension, and if 
moreover it admits a dualizing complex in the sense of |Ha66[ p. 258]. 

If X is a nice scheme, we will usually fix a dualizing object and denote it by 17. See |Ha66| §5.10] for 
details about this assumption. 

If X is a nice scheme, it is proved in |RilO| that for every graded-commutative, non-positively graded Ox- 
dg-algebra A, the category of sheaves of ^-dg-modules has enough K-Hat and i^T-injective objects in the 
sense of |Sp88| . If A is moreover quasi- coherent, it is proved in |BR12j that the category of quasi-coherent 
sheaves of yl-dg-modules also has enough X-flat and X-injective objects. If A is Gm-equivariant, then 
similar results hold for the categories C(.A— Mod) and C(^— Mod). (The case of C(v4— Mod) is discussed in 
[RilOi §1.7]; the case of C(^— Mod) follows, using the techniques of |BR121 §3].) It follows that the usual 
functors (direct and inverse image, tensor product) admit derived functors. Moreover, these functors 
admit all the usual compatibility properties (see |BR12[ §3] for precise statements). 

Recall finally that under our assumptions the category 2?(^— Mod) depends on A only up to quasi- 
isomorphism (see |BR121 §3.6]). 

1.2. Koszul duality functors on the level of complexes. Let {X, Ox) be a scheme. We consider a 
finite complex 

X ■= . . . ^ v-"+i ^ > V" ^ • • • 

where n > and each V* is a locally free Ox-module of finite rank {i G l—n, 0|). More precisely, we will 
consider X as a complex of graded Ox-modules, where each V* is in internal degree 2. Consider also 



'Of course, this second set of equations is redundant if 2 is invertible in r(X, Ox)- 
^ Again, this second set of equations is redundant if 2 is invertible in r(X, Ox)- 
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the complex y of graded Ox-modules which equals 1] as a bigraded Ox-module, and where the 
differential is defined in such a way that 



for y a local section of y and v a local section of X. We define the (graded-commutative) Gm-equivariant 

dg-algebras 

T:=Syma,{X) and 5 := Sym^^ (y). 
Our goal in this subsection is to construct functors 

^: C(r-Mod) ^C(5-Mod), ^ : C {S -Mod) C{T -Mod). 

Let M be in C(T-Mod). Wc define £>/{M) as follows. As a Z^-graded Ox-modulc, £/{M) equals 
SCSiOx The <S-action is induced by the left multiplication of S on itself, and the differential is the sum 
of two terms, denoted di and ^2- First, di is the natural differential on the tensor product <S <SiOx 
defined by 



Then, consider the natural morphism i : Ox — >■ £ndox i'^) — ® The differential d2 is the 
composition of the morphism 



followed by the morphism induced by i 

S ®Ox M^S ^Ox ®Ox ^ ®Ox -^i 

and finally followed by the morphism 

S ®Ox ®Ox ®Ox M-?' S ®Ox M 

induced by the right multiplication <S ®Ox '^^ ~^ ^ ^^'^ the morphism X ®Ox M M induced by the 
T-action. Locally, one can choose a basis {xa} of X over Ox, and the dual basis {a;* } of A"^; then ^2 
can be described as 



The following lemma is proved by a direct computation left to the reader. 
Lemma 1.2.1. These data provide s^{M.) the structure of an S-dg-module. 

The functor is constructed similarly. For M in C(5— Mod), £^{M) is equal, as a Z^-graded Ox-module, 
to ®Ox ^ ■ The T-module structm-c is induced by the T-action on defined by [t ■ (f)){t') = 
(_l)|t| |0l0(i . t'). And the differential is the sum of di, which is the differential of the tensor product 
®Ox -^i and d2, the Koszul differential defined locally by 



dy{y)iv) = {-l)^MdAv)) 



di(s (g) m) = ds{s) (8> m -I- (-l)l*ls (g) dM{ni). 





a 



d2{<t> ®n) = (-l)!"^! ^ (t){xa • -) (g) < • n. 



The following lemma is proved by a direct computation left to the reader. 



Lemma 1.2.2. These data provide ^{N) the structure of a T-dg-module. 
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1.3. Generalized Koszul complexes. We consider the generalized Koszul complexes 

There exists a natural morphism of iS-dg-modules /C'^-* — Ox (projection to Ox in bidegree (0,0)), and 
a natural morphism of 7"-dg-modules Ox — ^ 1C'^'^\ The fohowing proposition is similar to jMRlOl Lemma 
2.6.1]. 

Proposition 1.3.1. The natural morphism K.^^"^ Ox, respectively Ox — > /C^^-*, is a quasi-isomorphism. 

Proof. The Ox-dg-modules /C*^^^ and /C^^-* are isomorphic under the (graded) exchange of factors in the 
tensor product. Hence it is sufficient to treat the case of IC'-^K We prove the result by induction on n, 
the case n — being well known (see [MRlOi §2.3] and the references therein). 

Assume n > 0, and denote by Z the complex 

Z := • • • ^ V_„+i ^ > Vo ^ • • • 

Denote by /C]^'' the Koszul complex for Z; by induction, its cohomology is concentrated in degree 0, and 
equals Ox ■ To fix notation, assume n is even. Then there is an isomorphism of graded sheaves 

^(1) ^ 0/\^(v_„)^0o. (s^(v-„))^®o. (4'^)^ 

where the term f\\V^n)'^ ®Ox (S''(V_„))^ ®Ox i^'^z)^ is degree k + nj + {n + l)i. The differential 
on /C(i) is the sum of four differentials: di induced by the differential of k!'^} , ^2 induced by the Koszul 
differential on the Koszul complex /\(V_„)^ ®Ox (S(V_„)) , ^3 induced by d^" : V_„ — )> V_„+i acting in 
T^, and d/i induced by d^" acting in S. The effect of these differentials on the indices can be described 
as follows (where indices not indicated are fixed): 



di : fc n- A; + 1, d2 '■ 



j ^ j -1 ' ^'-[k ^ k-n + 1 ' ^ - \ k ^ k-n 



Hence K'^^^ is the total complex of the double complex whose (p, (j)-term is 
^pw := A^(V_„)^ ®ax (S^(V_„))^ ®Ox 



and whose differentials are d' = da + ^4, d" ~ di + d2. By definition we have A^''^ = if g < 0. Hence 
there is a converging spectral sequence 

El^" ^WiAP'^d") ^ Hf+«(/C(i)) 

(see jMRlOl Proposition 2.2.1(ii)]). It follows that that it suffices to prove that the complex /C'^-* , endowed 
with the differential di + d2 (i.e. the ordinary tensor product of the Koszul complex of (V_„)^ and AC^"*), 
has cohomology Ox- 

The Koszul complex AC^^-«)^ '^Ox (S(V_„))^ is a K-Hat object of C(Ojf-Mod) in the sense of [Sp88] 
(since each of its internal degree components is a bounded complex of fiat Ox-modules). It follows that 
the morphism 

{f\{V-ny ®Ox (S(V-„))'') ®Ox K.^z' ^ {/\{'^-n)^ ®Ox (S(V-„))'') ®Ox Ox 

is a quasi-isomorphism. The claim follows, since the Koszul complex of (V_„)^ has cohomology Ox (see 
again |MR10I §2.3]). □ 
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1.4. Covariant linear Koszul duality. We denote by C(7~— Mod_) the full subcategory of C(T— Mod) 
whose objects have their internal degree which is bounded above (uniformly in the cohomological de- 
gree), and by 2?(T— Mod_) the corresponding derived category. We define similarly C(tS— Mod_) and 
2?(iS— Mod_). Note that and S are both concentrated in non-positive internal degrees. In particular, 
they are objects of the categories just defined. Note also that the natural functors 

^(r-Mod^) ^ 23(r-Mod) and 23(5-Mod_) ^ ^(^-Mod) 

are fully faithful, with essential images the subcategories of dg-modules whose cohomology is bounded 
above for the internal degree (uniformly in the cohomological degree). 

The first (covariant) version of our linear Koszul duality is the following theorem. 

Theorem 1.4.1. (1) The functors 

£/ : C(r-Mod_) ^ C(5-Mod_), ^ : C(5-Mod_) C(r-Mod_) 

are exact, hence induce functors 

: P(r-Mod_) P(5-Mod_), 'M : P(5-Mod_) ^ D(r-Mod_). 
(2) The functors £/ and SS are equivalences of triangulated categories, quasi-inverse to each other. 

Proof. The idea of the proof is taken from jPolU proof of Theorem A. 1.2]. 

(i) We prove that £/ sends acyclic T-dg-modules in C(7~— Mod_) to acyclic 5-dg-modules; the proof for 
is similar. Let A4 be an acyclic object of C(T— Mod_). To fix notation, assume that = for 

n > 0. Then for any m G Z we have 

i<0,j<0, 
m=i+j 

Hence £/{A4)m can be obtained from the homogeneous internal degree components of A4 by tensoring 
with some homogeneous internal degree components of S (which are bounded complexes of flat Ojf- 
modules) and taking shifts and cones a finite number of times. More precisely, this process works as 
follows, e.g. when m is even: start with Sm'^Mo] the Koszul differential defines a morphism of complexes 
Sm+2 ^ A4_2[— 1] —J' Sm ® Mo', take its cone £; then the Koszul differential defines a morphism of 
complexes Sm+i ® A^-4[— 1] — ^ C; take its cone; and continue until Sq ® Aim is reached. 

As Mj is acyclic for any j, as the tensor product of an acyclic complex with a bounded above complex 
of flat modules is acyclic, and as the cone of a morphism between acyclic complexes is acyclic, we deduce 
that j!/{Ai)m is acyclic for any to, hence that £/{A4) is acyclic. 

(ii) The functors and ^ are clearly adjoint; in particular we have adjunction morphisms £/ o ^ ^> Id 
and Id SSosi ^ hence similar morphisms for the induced functors s^^ and SS . We show that the morphism 
^ o ^ — Id is an isomorphism; the proof for the morphism \A ^ ^ o ^ is similar. Let M be an object 
of C(iS— Mod-). By a construction similar to that of (i), the homogeneous internal degree components 
of the cone of the morphism si o SSiM) M can be obtained from the negative homogeneous internal 
degree components of /C^^' by tensoring with some homogeneous internal degree components of and 
taking shifts and cones a finite number of times. Hence, using Proposition ll.3.1[ it suffices to observe 
that the tensor product of an acyclic, bounded above complex of flat Ox -modules with any complex of 
Ox-modules is acyclic (see e.g. |Sp88[ Proposition 5.7]). □ 

Remark 1.4.2. So far, we have not used the condition that our dg-modules and dg-comodules are quasi- 
coherent over Ox, or that {X, Ox) is a scheme. In fact, Theorem ll.4.1l is true for any commutative ringed 
space {X, Ox) and the whole categories of Ox-dg-modules over T and S (with the prescribed condition 
on the grading). Our assumption will be used in SJTTB] below. 
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1.5. Reminder on Grothendieck— Serre duality. From now on we assume that X is a nice scheme. 
Let a, e 2?''Coh(X) be a dualizing object for X. We choose a bounded below complex 2fi of injective 
quasi-coherent sheaves on X whose image in 2?^Coh(X) is il. Recall that the components of Iji are also 
injective in the category Sh(X). (This follows from |Ha66[ Theorem II. 7. 18].) 

The functor 

■Homo^{~,In) : CSh{X) ^ CSh{X)°P 

is exact, hence induces a functor 

Homo^{-,In) : VSh{X) VSh{X)°P. 
It is well known that under our assumptions the natural functor 

(1.5.1) 2?QCoh(X) ^ VSh{X) 

is fully faithful (see e.g. [BR12[ Proposition 3.1.3] and the references therein), as well as the natural 
functor 

(1.5.2) V''Coh{X) VQCoh(X). 

Hence we can consider the category 2?''Coh(X) as a subcategory of X'Sh(X), hence obtain a functor 

Homo,~,i-,In) ■ V''Coh{X) VSh{X)°P. 

It is explained in |Ha661 p. 257] that this functor factors through a functor 

Dn : 2?^Coh(X) 2?''Coh(X)°P. 

Using again the fully faithfulness of (|1.5.1[) and (|1.5.2p . it is easy to construct a morphism : Id — >■ 
Do ° of endofunctors of the category 2?''Coh(X). The fact that f2 is a dualizing complex implies that 
£q is an isomorphism of functors (see |Ha661 Proposition V.2.1]). In particular. Do is an equivalence of 
categories. 

Now we let ^ be a Gm-equivariant, non-positively (cohomologically) graded, graded-commutative sheaf 
of Ox-dg-algebras on X. We denote by 2?'''^(^— Mod) the subcategory of 2?(^— Mod) with objects the dg- 
modules A4 such that for any j G Z the object A4j of 2?QCoh(X) has bounded and coherent cohomology. 
Our goal now is to explain the construction of an equivalence 

: V'^'^A-Mod) ^ P'''=(^-Mod)°P 

which is compatible with Dn in the natural sense. First, there exists a natural functor 

"D^ : C(^-Mod) ^ C(^-Mod)°P 

which sends a dg-module M to the dg-module whose underlying Gm-equivariant O^-dg-module is 
Horn (A^, In), with ^-action defined by 

(a-0)(m) = (-l)l"l-l'AI^(a.r7^) 

for a a local section oi A, (f> a local section of T-Lom{M. ^I^i) ^ and m a local section of M. This functor is 
exact, hence induces a functor 

Dj^ : V{A-Mo6) P(^-Mod)°P. 

Moreover, it is easy to construct a morphism : Id o D^ of endofunctors of X'(^— Mod). Now 

by |BR121 Proposition 3.3.2] the natural functor 2?(^-Mod) 25(^-Mod) is fully faithful, hence so is 
also the natural functor X''"^(^— Mod) — ?■ X'(^— Mod). Moreover, it is easy to prove using the case of Ox 
considered above that Dq factors through a functor 

: V^''{A-Mod) V^"'{A-Mod)°'P. 
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Using fully faithfulness again the morphism ej^ induces a morphism : Id — )■ Dj^ o Dj^ of endofunctors of 
2?'"^(^— Mod). Finally, using again the case of Ox one can check that is an isomorphism of functors, 
proving in particular that Djj is an equivalence. 

1.6. Contravariant linear Koszul duality. As in fJT3] we assume that X is nice. Using the same 
conventions as in we denote by X''^'^(T— Mod_) the subcategory of the category 2?(T— Mod_) whose 
objects are the dg-modules M such that, for any j G Z, 'H*{Mj) is bounded and coherent. We define 
similarly the categories 2?'^"(5-Mod_) (replacing T by S) and 2?''"(r-Mod+) (replacing "above" by 
"below"). 

Clearly, the functors si/ and ^ restrict to equivalences 

;^bc _ pbc(^_^Q^_^ ^ pb'=(5-Mod_), : 2?'''=(5-Mod_) ^ p'''=(r-Mod_) 

(see e.g. the proof of Theorem ll.4.ip . On the other hand, in ijl.51 we have defined an equivalence D^, 
which induces an equivalence of categories 

: P'''=(r-Mod+) ^ 2?''"(r-Mod_)°P. 

Composing these equivalences we obtain the following result, which is the second (contravariant) version 
of our linear Koszul duality. 

Theorem 1.6.1. Let X he a nice scheme with dualizing complex VL. Then the composition si o 
gives an equivalence of triangulated categories 

Kn ■■ r''''(r-Mod+) ^ V'°''{S-Uo6-)°^, 

which satisfies K^{J\A[n]{in)) — Ki-i{AA)[—n]{—m). 

Remark 1.6.2. (1) The equivalence K^^ only depends, up to isomorphism, on the dualizing complex 
Vl e 2?''Coh(X), and not on the injective resolution Iq. This justifies the notation. 

(2) One can describe the equivalence very explicitly. Namely, if M is an object of the category 
X''^'^(T— Mod+), the image under Kn of M is, as an iS-dg-module, the image in the derived 
category of the complex 

S ®Ox Uomox{-M,^n), 
where the differential is the sum of a Koszul-type differential and of the usual differential on the 
tensor product S ® T-Lom{M ,Xq) . (Note that this dg-module might not be quasi-coherent.) 

(3) The covariant Koszul duality s/ may seem more appealing than the contravariant duality Kq. 
However, the category 2?(T— Mod_) is not very interesting since it does not contain the free 
module T in general. In particular, the equivalence ^ will not yield an equivalence for locally 
finitely generated dg-modules, contrary to Kq, (see Proposition 11.8.31 below). This equivalence 
will be interesting, however, if X is concentrated in odd cohomological degrees. In this case, 
the equivalence obtained is essentially that of |GKM93l Theorem 8.4] (see also |RilQ[ Theorem 
2.1.1]). 

1.7. Regraded contravariant linear Koszul duality. Consider the Gm-equivariant dg-algebra 

n Sym(y[2]). 
There is a "regrading" equivalence of categories 

e:C(5-Mod) ^C(7^-Mod), 

which sends the <S-dg-module N to the 72.-dg-module with (i, j)-component C(A^)j := M.^'' ■ (If one 
forgets the gradings, the dg-algebras TZ and S coincide, as well as 7W and £,{M.)- Then the 7^-action 
and the differential on £,{M.) are the same as the iS-action and the differential on A4.) Composing the 
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equivalence of Theorem 11.6.11 with ^ we obtain the third version of our hnear Koszul duahty, which is the 
one we wiU use. 

Theorem 1.7.1. Let X be a nice scheme with dualizing complex fl. Then the composition ^ o Kq gives 
an equivalence of triangulated categories 

which satisfies KQ{A4[n\(m)) — ko(A^)[— n + m]{—m). 

1.8. Finiteness conditions. From now on, for simplicity we assume that n < 1. 

We consider subcategories of locally finitely generated T- and 7?.-dg-modules. More precisely, we let 
CFQ{T) be the category of locally finitely generated Gm-equivariant T-dg-modules, and 'DTQ{T) be the 
associated derived category. We define also V^s{T—Mod), respectively 'D^^{T—Mod+), as the subcategory 
of ^(T— Mod), respectively 2?(T— Mod+), whose objects are the dg-modules whose cohomology is locally 
finitely generated over the cohomology H*{T). We use similar notation for 7?.-dg-modules. 

The following lemma can be proved as in |MR101 Lemma 3.6.1]. 

Lemma 1.8.1. Assume that n < 1. 

(1) The inclusions CJ-Q{T) ^ C(T— Mod+) ^ C(7'— Mod) induce equivalences of triangulated cate- 
gories 

VTGiT) = 2?fs(7-_Mod+) = V^<^{T-Mod). 

(2) The inclusions CJ-Q{TZ) ^ C(7?.— Mod_) ^ C(7?.— Mod) induce equivalences of triangulated cate- 
gories 

VTgin) ^ 2?fs(7^_Mod_) ^ r''s(7e-Mod). 

Remark 1.8.2. In both (i) and (ii), only the first equivalence is not obvious. We will only use these 
equivalences to check some local statements (except for Lemma 13.3.11 but here again a local statement 
would be sufficient). Hence the only case of the lemma that is really needed is when X is affine. In this 
case the claim is about derived categories of dg-modules over some dg-algebras, and is an easy exercise. 

Using this lemma, we prove that the equivalence kq restricts to the subcategories of objects with locally 
finitely generated cohomology. 

Proposition 1.8.3. Assume X is a nice scheme with dualizing complex fl, and that n < 1. Then Ka 
restricts to an equivalence of triangulated categories 

2?fg(r-Mod+) ^ pfs(7^_Mod_)°P. 

Proof. First case: n — 0. In this case, T = S(Vo), with generators in bidegree (0,2), and TZ = A(^o)^: 
with generators in bidegree (—1, —2). Any object of the category CFQ{TZ) has a finite filtration (as an 7?.- 
dg-module) such that TZ acts trivially on the associated graded. Hence, using Lemma ri.8.1[ 2)^^(7?.— Mod_) 
is generated, as a triangulated category, by trivial 72.-dg-modules, i.e. by images of objects of T>^Coh{X). 

On the other hand, we claim that V^^{T—Mod+) is generated, as a triangulated category, by objects 
of the form T ®Ox ■f' ■> 2?^Coh(X) (where the T-action is induced by left multiplication on the 

left factor). This follows from the following general fact (see (CG971 p. 266, last paragraph]), using the 
classical property that T>FQ{T) is equivalent to the bounded derived category of Gm-equivariant coherent 
sheaves on the vector bundle over X whose sheaf of sections is (Vo)^. 

Proposition 1.8.4. Let H he an algebraic group, and let tt : F ^ Y be an H-equivariant vector bundle. 
Then the category V^'Coh^ (F) is generated, as a triangulated category, by objects of the form tt*Q for Q 
in Coh^(y). 
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We have determined a generating subcategory ^^i, respectively 'i§2^ for the category 2?^s(7"_|V|ocl+), re- 
spectively T>'^^{'R,~\J\oAJ). By definition, sends an object in ^\ to an object in and similarly for 
(ksi)~^. Hence kji induces an equivalence between X''^s^7~_|\/|od+) and Vi^^iJl—VhoAJ). 

Second case: n = 1. In this case T — Sym(V-i — > Vo), with V_i in bidegree (—1,2) and Vo in bidegree 
(0,2), while 7e = Sym((Vo)'' ^ (V_i)''), with (VoY in bidegree (-1,-2) and (V„i)^ in bidegree (0,-2). 
As in i jl.Si we denote by Iq a bounded below complex of quasi- coherent injective Ox-modules whose 
image in the derived category is f2. 

First we show that sends objects of CFQ{T) inside 2?fs(7e-Mod_). Let M be in CTg{T). We have 
to show that kq(7W) has finitely generated cohomology over TL'{TZ) or, equivalently, that its cohomology 
is locally finitely generated over S((V_i)^). In fact it will be equivalent and easier to work with the 
equivalence Kq of Theorem 11.6.11 and the dg-algebra S (whose generators are in bidegrees (1,-2) and 
(2,-2)). 

Let Kq be the equivalence corresponding to the complex of Ox-modules X concentrated in degree 0, 
with only non-zero component Vq. Denote by 7", S the dg-algebras defined similarly to T and S, but 
for the complex X instead of X. With this notation, Kn{A4) is the image in the derived category of 
the tS-dg-module S ®Ox T^omo^{Ai,Tn) (with a certain differential), and Kn{M) is the image in the 
derived category of the 5-dg-module S ®Ox 'Homoxi-^i^n)- 

The T-dg-module Ai is also locally finitely generated as a T-dg-module. By the first case, we deduce that 
Kq{A4) has locally finitely generated cohomology over 5; in other words, this cohomology is bounded 
and coherent over Ox- Now we have an isomorphism of S((V-i)^)-dg-modules 

(1.8.5) KniM) - S'((V-i)^) {KniM))' , 

hi 

where the term S*((V_i)^) ^Ox {Kn{M)y is in cohomological degree j + 2i. The differential on Kfi{M) 
is the sum of three terms: the differential di induced by ds, the Koszul differential c?2 induced by that 
of the Koszul complex (/\ V-i)^ iX) S((V_i)^), and finally the differential d^ induced by that of Kn{A4)- 
The effect of these differentials on the degrees of the decomposition (jl.S.Sp arc the following: 

, ( i ^ i + 1 , ( i ^ i + 1 , . 

Hence Kii{AA) is the total complex of the double complex with (p, g)-term 

i3^'':= ^\{V-iY)®Ox {Kn{M)y 

q = j + i 

and differentials d' := di + d2, d" := d^. Now A4 is locally finitely generated over T; in particular it is 
bounded above for the cohomological grading. Hence Kq{A4) is bounded below for the cohomological 
grading. It follows that B^''^ = for q ^ 0. Hence by |MR10[ Proposition 2.2.1], there exists a converging 
spectral sequence 

As Kii{M) has bounded, coherent cohomology over Ox, E^'' is a locally finitely generated S((V_i)^)- 
module. Moreover, in the {p, q)-plane, it is concentrated on an ascending diagonal strip. It follows that 
the spectral sequence is stationary after finitely many steps. We deduce that 'H*{Kfi{A4)) is locally 
finitely generated over S((V_i)^). 

By symmetry the equivalence (kq)"^ also sends dg-modules with locally finitely generated cohomology 
to dg-modules with the same property, which finishes the proof. □ 
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1.9. Intersection of vector subbundles. We can now extend the main result of [MRIO] to nice 
schemes. We let X be such a scheme, and denote by a duaUzing complex. 

Let i? be a vector bundle over X, let Fi,F2 C E be two vector subbundles, and let Ti,J^2,£ be the 
sheaves of sections of Fi,F2, E. Let E* be the dual vector bundle, and F^, F^ C E* be the orthogonals 
to Fi and F2. We will apply the constructions above to the complex 

(1.9.1) X :={0^ T)i ^ 0) 

where is in degree —1, T2 is in degree 0, and the differential is the composition ^ f ^ ^ J^^. 
We set 

T^IJF^^eF-,) 2?fs(7-_Mod), VljEtf^E-F^) := V'^iJl-UoA). 

To justify this notation, recall the notion of dg-scheme, first defined in jCKOl) and later studied in 
[RiT0llMRT0llBR12j . (Here we follow the conventions of IMRIOI .I It is explained in |MR101 Lemma 4.1.1] 

that the derived category of coherent dg-sheaves on the dg-scheme FiHe F2, respectively F^ He* F^, is 
equivalent to the subcategory of the derived category of quasi-coherent dg-modules over the sheaf of Ox- 
dg-algebras T, respectively TZ, whose objects have their cohomology locally finitely generated. (Note that 
here we consider ordinary dg-modules, and not Gm-equivariant ones.) Hence the category T)^s{T—Mod), 
respectively T>^s{TZ—Mod), is a "graded version" of this category. 

Remark 1.9.2. Our definition of the category Vq {Fi He F2) is not symmetric in Fi and F2. However, 
it follows from an obvious Gm-equivariant analogue of [MRlOl Proposition 1.3.2] that the triangulated 
categories 'D^^{Fi He F2) and 'D^^{F2 He Fi) are equivalent. 

With this notation, and using Lemma ll.8.11 Proposition 1 1 . 8.3l can rephrased in the following terms. 

Theorem 1.9.3. Assume that X is a nice scheme with dualizing complex fl. Then induces an 
equivalence of triangulated categories 

Kn : (Fi He F2) ^ V^^ {Ft He- i^2^)°P, 
which satisfies Ko(A^[n](m)) — K,ii{A4)[—n + m]{—m). 

Remark 1.9.4. One can easily check that, if the assumptions of [MRlOl Theorem 4.2.1] are satisfied, 
then Ox is a dualizing complex, and the equivalence of loc. cit. is isomorphic to the equivalence kq^ of 
Theorem [TO 

2. Linear Koszul duality and morphisms of perfect complexes 

2.1. Statement. Let us come back to the setting of m.7[ More precisely, we consider a nice scheme X 
with dualizing complex 51, and two complexes X and X' of locally free sheaves as in Hl.'2[ We denote by 
TZ, S,T, respectively TZ', S\T', the dg-algebras constructed from X, respectively X' . We also denote by 

Kn : P'''(r-Mod+) ^ 2?'''=(7^-Mod_)°P, : V'"''{T' -Mod+) ^ V^''{TZ' -Mod^)°P 

the associated equivalences of Theorem 11.7.11 

Let (j) : X' ^ X he a, morphism of complexes. This morphism induces morphisms of Gm-equivariant 
dg-algebras 

<S>:T' ^T, * : 7e ^ 7^'. 
In turn, these morphisms of dg-algebras induce functors 

: C(r-Mod) ^ C(r'-Mod), : C(7^'-Mod) ^ C(7^-Mod) 
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(restriction of scalars) and 

$* : C(r'-Mod) ^ C(r-Mod), : C(7l-Mod) C(7e'-Mod) 
(extension of scalars) . 

The functors and ^E*, are exact, hence induce functors 

: P(r-Mod) ^ 2?(r'-Mod), m,. : V(TZ'~Mod) ^ V{TZ-Mod). 

These functors clearly send the subcategory 'D^'^{T—Mod±) into 2?'^'^(T' — Mod±) and the subcategory 
V^^iU'-Mod^) into V'^^iU-Mod^) (and similarly without "be"). 

The functors $* and ^P* are not exact. However, it follows from |MR101 Proposition 1.2.3] (existence of 
if-flat resolutions) that they admit left derived functors 

L$* : P(r'-Mod) ^ P(r-Mod), i** ; V{n-Mod) V{n'-Mod). 

The following result expresses the compatibility of our Koszul duality equivalence kq with morphisms of 
perfect sheaves. It is similar in spirit (but in a much more general setting) to [RilOi Proposition 2.5.4]. 

Proposition 2.1.1. Let X be a nice scheme with dualizing complex f2. 

(1) The functor L"^* resticts to a functor from V^^{TZ— Mod-) to V^'^ {TV — Mod , denoted similarly. 
Moreover, there exists an isomorphism of functors: 

L^*oKn ^ Kooi?** : 2?'''=(r-Mod+) ^ 2?''"(7e'-Mod_)°P. 

(2) The functor L^* resticts to a functor from V^'^iJ'' — Mod to T>^^{T— Mod +), denoted similarly. 
Moreover, there exists an isomorphism of functors: 

KnoL^* ^ m^oK[j :2?'^'=(r'-Mod+) ^2?'''=(7^-Mod_)°P. 

2.2. Proof of Proposition [27l.li To prove Proposition 12 . 1 . ll we need some preparatory lemmas. We 
assume the conditions in the proposition are satisfied. 

Lemma 2.2.1. The Gi-^-equivariant Ox-dg-module S is K-fiat. 

Proof. It is enough to prove that for any i G Z, the Ox-dg-module Si is if-flat. However, this complex 
is a bounded complex of flat Ox-modules, which proves this fact. □ 

Lemma 2.2.2. For every object Ai o/C(T— Mod_), there exists an object M.' o/C(T— Mod_) which is 
K-flat as a G^-equivariant Ox-dg-module and such that the images of M. and Ai' in X'(7~— Mod_) are 
isomorphic. 

Proof. Let M be an object of C(T-Mod_). By Theorem [1.4.1[ there exists an object A/" of C(5-Mod_) 
such that A4 and £§{Af) are isomorphic in the derived category. Hence we can assume that Ai — SSiM). 

By the same arguments as in [MRIO, Proposition 1.2.3], using the existence of enough flat quasi-coherent 
Ox-modules in QCoh(X) (see BR12, §3.2]) one can check that for any object M' of C(iS— Mod_) there 
exists an object TV" of C(5— Mod_) which is K-Hat as a Gm-equivariant iS-dg-module and a quasi- 

isomorphism TV" TV'. Hence (as ^ is exact) we can assume that TV is /-C-flat as a Gm-equivariant 
tS-dg-module. Then it follows from Lemma [2.2.11 that TV is also if-flat as a Gm-equivariant Ox-dg-module 
(see [RlIOl Lemma 1.3.2]). 
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We claim that, in this case, SSiM) is i^-flat as a Gm-equivariant Ox-dg-module. Indeed, it is enough to 
show that for any n £ Z, SS{M)n is a iC-flat Ox-dg-module. However, we have 

k+l—n 

This sum is finite and, as in the proof of Theorem 11.4. 1[ this dg-module can be obtained from the dg- 
modules {T^)k ® J^i (ordinary tensor product) by taking shifts and cones a finite number of times. The 
latter dg- modules are iC-flat over Ox^ and the cone of a morphism between K-Q.dX dg- modules is still 
if-flat, hence these remarks finish the proof of our claim, and also of the lemma. □ 

Lemma 2.2.3. If M. is an object o/C(7~— Mod_) which is K-flat as a Qm-eQuivariant Ox-dg-module, 
then £/{A4) is K-flat as a Grm-squivariant S-dg-module. 



Proof. We have to check that for any acyclic object TV of C(5— Mod), the complex N®s ^ (-^) is acyclic. 
Every object of C(5— Mod) is a direct limit of objects of C(5— Mod_) (because S is concentrated in non- 
positive internal degrees); moreover if the initial object is acyclic one can choose these objects to be also 
acyclic. Hence we can assume that TV is in C(5— Mod_). Then we have N ®s s/{M.) = M ®Ox 
where the differential is the sum of the usual differential of the tensor product TV ®Ox ^ and a Koszul- 
type differential. The same argument as in the proof of Theorem 11.4.11 or Lemma 12.2.21 proves that this 
complex is acyclic. □ 



Proof of Proposition l^.l.ll We only prove (i); the proof of (ii) is similar. 

The regrading functors of SjTT7]do not play any role here, hence we will rather work with the equivalences 
Kq, K'q of Theorem 11.6.11 For simplicity, we still denote by the derived extension of scalars from 
S- to 5'-dg- modules. We denote by jz/', S§' the functors of i jl.2l relative to the complex X' . It is clear 
from definition that we have an isomorphism of functors 

(2.2.4) Dj'oi?$» ^ oDJ. 

(Here, the first is considered as a functor from 2?'''^(T— Mod+) to P'"^(T'— Mod+), while the second 
one is considered as a functor from 2?^'^(T— Mod_) to X''^^(T'— Mod_).) 

We claim that there exists an isomorphism of functors from 23(7"— Mod_) to 25(5' — Mod) 

(2.2.5) '^om^ ^ L**o^. 

First, consider the assigment from C(T-Mod_) to C(5'-Mod) given by TM i-^- 'I'W(TW) = S' ®Ox - 
^'$*(A^). (Here the differential on S' ®Ox ^ involves a Koszul-type differential as usual.) This functor 
is exact, as the composition of the exact functors and s^' . The induced functor from 2?(T— Mod_) to 
I?(iS'— Mod) is clearly isomorphic to the left hand side of (|2.2.5p . 

By usual properties of composition of derived functors, we obtain a morphism of functors 

(2.2.6) L-^* o m^. 

What we have to show is that this morphism is an isomorphism. By Lemma [2.2.21 it is enough to show that 
it is an isomorphism when applied to an object TW of C(7~— Mod_) which is if-flat as a Gm-equivariant 
Ox-dg-module. However, in this case £^{^A) is /C-flat over S by Lemma [2.2.31 hence L^E** o ^/(TW) is 
the image in the derived category of ^* o J2/(TW), which finishes the proof of (|2.2.5|) . 

Composing (|2.2.4I) with the restriction of (j2.2.5p and then with the regrading functor ^' we obtain an 
isomorphism of functors from I?'^'^(T— Mod_(-) to 25(7?.' — Mod)°P 

(2.2.7) 1-^*0 Kn = K'f^om^. 
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As the right hand side sends V^''{T-Mod+) to 2?l^'=(7^'-Mod_)°P, and as kq is an equivalence be- 
tween 2?^'=(r-Mod+) and P'^'=(7e-Mod_)°P, it fohows from (1^X71) that L** restricts to a functor 
from 2?^'^(7?.— Mod_) to P'''^(7<^' — Mod_). Then (|2.2.7p proves the isomorphism of (i), hence finishes 
the proof. □ 

2.3. Application to intersection of subbundles. Now we will explain the geometric content of Propo- 
sition in the context of HI. 91 We let E and E' be vector bundles on X, and let 

E 1 ^E' 



be a morphism of vector bundles over X. We consider subbundles Fi,F2 C E and F[,F2 C £", and 
assume that 

<i>{Fi) C Fi c^{F2) C F!^. 
Let £, Fi, Til £' ■, F[, T2 be the respective sheaves of sections of £', Fi, F21 E' , F[, Fl^- By Theorem 
ll.9.3l we have linear Koszul duality equivalences 

: Vl^ (Fi n^, F2) ^ Vl^ {F,^ He^ F^^r, 

We consider the complexes X (for the vector bundle E) and X' (for the vector bundle £") defined as in 
i il.91 The morphism (j) defines a morphism of complexes X' X , to which we can apply the constructions 

of gun 

More geometrically, induces a morphism of dg-schemes $ : Fir\EF2 — ?> F{r\E' F2, and we have a 
(derived) direct image functor 

: PJ3_^(Fi F2) ^ P(r'-Mod). 
This functor is just the restriction of the functor denoted similarly in §2.11 (in our special case). 

Lemma 2.3.1. Assume that the induced morphism of schemes between non-derived intersections Fi He 
F2 F[ r\E' F^ is proper. Then the functor sends V^^{Fi He F2) into 2?g^(F{ He' F^). 

Proof. The dg-algebras 7" and T' are both concentrated in non-positive cohomological degrees; hence 
there exist natural morphisms of dg-algebras 9 : T n°{T), Q' : V ^ n"(X'). Let also $° : 
T-L^{T') — >■ T-L^iT) be the morphism induced by <&, so that we have o 6' o $. Taking direct images 
(i.e. restriction of scalars) we obtain a commutative diagram 

r'(H"(r)-Mod) — ^P(-H"(r')-Mod) 



e. 



el 



V{T-MoA) — I?(r'-Mod). 

One can easily check that the functor 9, restricts to a functor from 1)^^ {ji!^ {T) — Mod) to X''^s(T— Mod), 
and similarly for Q'^. Moreover, one can check that the essential image of 9* generates the cat- 
egory X'^s(7"_|\/|od) (see e.g. jMR13a| Lemma 4.1.1]). Hence it is enough to prove that sends 
2?^s('H°(T)-Mod) into V^^{H°{T')-Mod) . However the morphism from Fi n£;F2 to X is affine, and the 
direct image of the structure sheaf under this morphism is ?^*'(7~), so that we obtain an equivalence of 
categories 

2?*s(7^°(r)-Mod) ^ P''Coh'^"'(Fi riijFa) 
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where t € Gm acts on E by dilatation by t ^ along the fibers, and on FiDe F2 by restriction. Similarly 
we have an equivalence 

P(H°(r')-Mod) = VQQoh'^'"{F[r\EF!^). 

and under these equivalences the functor identifies with the (derived) direct image under the mor- 
phism i^i n^; F2 — > F[ r\E' F2. Hence our claim follows from |Ha66[ Proposition II. 2. 2]. □ 

We also consider the (derived) inverse image functor 

L$* -.Vl^iFi^E' F!^) ^V{r~Uod). 
Again, this functor is the restriction of the functor denoted similarly in i i2.1l 
The morphism induces a morphism of vector bundles 

V-i^f/)^ : [E'Y ~^E*, 

which satisfies ?/;((F/)-'-) C F^^ for i = 1,2. Hence the above constructions and results also apply to V'- 
We use similar notation. 

The following result is an immediate application of Proposition 12.1.11 and Lemma 12.3.11 
Proposition 2.3.2. Assume that X is a nice scheme with dualizing complex fl. 

(1) Assume that the morphism of schemes Fi He F2 — ?> Fl De' F2 induced by (j) is proper. Then 

L^* sends "D^^iF-^ He-' F^) into V^^dFl)^ r](^E'y-' (-^2)^)- Moreover, there exists a natural 
isomorphism of functors 

L^*o^^ - ^[,om, :V^f;jF,nEF2)^V^^JiF[)^\E'riFi)'-r. 

(2) Assume that the morphism of schemes {F{)^ Hj^/)* (-Pj)^ ^ -^1^ ^E' induced by is proper. 

Then L$* sends T>^ {F[r\E' F2) into 2?q {FiC^e F2). Moreover, there exists a natural isomor- 
phism of functors 

KnoL<^>* - m^on'^ ■'DljF[hE'F!,)^VUFthE^F^r. 

In particular, if both assumptions are satisfied, the following diagram is commutative: 

(Fi n^, F2) 2?^„ {Ft He- F^^ 



T^ljn nE' F^) ^-^ T^lAFi)"- ^E'r in) 



, op 



3. Linear Koszul duality and base change 

3.1. Statement. Let us come back to the setting of i^l.TI More precisely, let X and Y be nice schemes, 
and let TT : X F be a morphism of finite type. Let il be a dualizing complex for Y; then by ^Ha66l 
Corollary VI.3.5] tt-VI is a dualizing complex for X. 

Let A" be a complex of locally free sheaves on Y of the form considered in N1.21 and let TZy , Ty , Sy 
be the associated dg-algebras. We also consider the complex of locally free sheaves Tr*X on X, and let 
T^x,Tx,<Sx be the associated dg-algebras. Note that we have natural isomorphisms of dg-algebras 



TZx^TT*TZy, Sx^TT*Sy, Tx—T'*Ty. 
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We denote by 

: 2?'^'=(ry-Mod+) ^ p'''=(7^y-Mod_)°P 
the associated equivalences of Theorem 11.7.11 



1' — ' o 



2?'''(7^x-Mod_)°P 



The morphism of schemes tt induces a morphism of dg- ringed spaces n : {X, Tx) ^ (X, Ty), and 
we can consider the associated direct and inverse image functors tt* : C (73s: — Mod) — ?> C(7y — Mod), 
TT* : C(7i-' — Mod) — > C(73f — Mod). Note that the fohowing diagram commutes: 



(3.1.1) 



C(7i'-Mod) - 

For 

C(C'y-Mod) 



-C(rx- Mod) 

For 

•C(Ox-Mod). 



One can also consider the associated derived functors 

i?7r* : P(7>-Mod) ViTy-Mod), Lit* : ViTy-Mod) ^ V{Tx~Mod) 

(see CTl . 

In the following lemma we will say tt has finite Tor-dimension if for any J' in QCoh(y) the set {i £ Z 
TL^{Ltt*T) 7^ 0} is bounded. (Note that this terminology is not the one used in [Ha66]!) 

Lemma 3.1.2. (1) Assume that tt has finite Tor- dimension. Then the functor Lit* restricts to a 
functor from V'°'= {Ty -Mod±) to V^'^{Tx-Mod±). 
(2) Assume that n is proper. Then the functor Rn^, restricts to a functor from 2?'^'^(73s: — Mod+) to 
V'°%Ty~Mod+). 

Proof, (i) The dg-algebra Ty is iiT-flat as a Gm-equivariant 0x-dg-module, hence any K-tla.t Gm- 
equivariant Ty-dg-module is also K-Hat as a Gm-equivariant 0x-dg-module (see |RilO[ Lemma 1.3.2(ii)]). 
It follows (using (jS.l.ip ) that the following diagram commutes: 



-P(73f-Mod) 

For 

■V{Ox-Mod). 



^(TV-Mod) — 

For 

V{Oy-Mod) — 

Hence we only have to prove the result when X = 0, in which case it follows from |Ha66| Proposition 
II. 4. 4] and our assumption on tt. 

The proof of (ii) is similar, using the compatibility of the functor Rtt^, with i?7r* (see [BR121 Proposition 
3.3.6]) and |IIa661 Proposition II.2.2]. □ 



In addition to the above functors, we will also consider the following one, in case tt has finite Tor- 
dimension: 

tt' := T>1^^ o Ln* o D^^ : V^''{ry-Mod+) 2?'""(73f-Mod+) 
(see ijl.Sl for the definition of Grothendieck-Serre duality functors). 

Similarly, tt induces a morphism of dg- ringed spaces tt : {X,TZx) — >■ {Y,TZy). By the same arguments as 
above, if tt has finite Tor-dimension then we have a derived inverse image functor 

Ln* : V^^iTZy-Mod-) V^" {Tlx -Mod ^) 

and, if tt is proper, we have a derived direct image functor 

Rn, : V^" {Tlx -Mod-) ^ V^'^iTZy-Mod-). 
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The following result expresses the compatibility of our Koszul duality equivalence with base change. It 
is similar in spirit to jRilOl Proposition 2.4.5]. 

Proposition 3.1.3. Assume that X and Y are nice schemes and that tt is of finite type. Let be a 
dualizing complex for Y . 

(1) Assume moreover that tt has finite Tor- dimension. Then there exists an isomorphism of functors: 

L^*oK^ ^ K^.^^oTT- : V^" [Ty -Mod+) ^V^'' {Tlx -Mod 

(2) Assume moreover that tt is proper. Then there exists an isomorphism of functors: 

Rn.oK^,^ 9^ kIoRtt, : P'^'^(rx-Mod+) ^2?'''^(7^y-Mod_)°P. 

3.2. Proof of Proposition [371.31 We begin by proving some compatibility results for the equivalences 
and ^ of t jl.4| (under weaker assumptions than in the proposition). We use subscripts to indicate 
the scheme we are working on. The morphism tt induces a morphism of dg-ringed spaces tt : {X,Sx) — > 
{Y,Sy). As above, we have corresponding derived direct and inverse image functorqj 

: V{Sx-Mod) ViSy-Mod), Ln* : 2?(5y-Mod) ^ V{Sx-Mod). 

Using the same arguments as in the proof of Lemma 13.1.21 one can check that these functors restrict to 
functors 

i?7T, : 2?(5x-Mod_) -> V{SY-Mod-), Ln* : 2?(5y-Mod_) ^ V{Sx-Mod-) 
which form an adjoint pair, and that the functors _R7r» and Ln* restrict to functors 

i?7r, : 2?(73f-Mod_) P(rY-Mod_), Ln* : 2?(7V-Mod_) ^ P(71'-Mod_) 
which also form an adjoint pair. 

Proposition 3.2.1. Assume that X and Y are nice schemes. 

(1) There exists an isomorphism of functors: 

Ln* o^Y "^^xoLn* : ^(TV-Mod-) ^ 2?(5x-Mod_). 

(2) There exists an isomorphism of functors: 

'^yoRn^ = Rn^o^x : V{Tx -Mod-) ^ V{Sy -Mod-). 

Proof, (i) By Theorem ll.4.11 it is equivalent to prove an isomorphism of functors: 

MxoLn* = Ln* : 2?(5y-Mod_) ^ 2?(73f-Mod_). 

By construction of resolutions, there are enough objects in C{Sy — Mod ) which are K-Hat as Gm- 
equivariant iSy-dg-modules. Using this observation and the same arguments as for (|2.2.6p one can easily 
construct a morphism of functors from the right hand side to the left side; what remains is to prove that 
it is an isomorphism. In fact it is enough to prove that for any object TV of C(5y — Mod_) which is i^-flat 
as a Gm-equivariant iSy-dg-module, with image J\f in the derived category, our morphism 

(3.2.2) Ln* o^y(N) ^ '^xoLn*{N) 

is an isomorphism. 

The right hand side of (|3.2.2|) is easy to compute: it is isomorphic to the image in the derived category 
of the 73s:-dg-module ^^x{t^*M^. Let us consider now the right hand side. As Sy is iiT-flat as a Gm- 
equivariant Oy-dg-module (see Lemma r2.2.ip . any ii'-flat Gm-equivariant 5y-dg-module is also X-flat as 
a Gm-equivariant Oy-dg-module (see [RilOl Lemma 1.3.2]); in particular M has this property. As checked 



^Note that Sx and Sy are not non-positively graded, so that we cannot apply directly the results quoted in ill. II 
However, one can reduce our situation to the one of JTTT] using the regrading equivalence of ill. 71 
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in the course of the proof of Lemma I2.2.2[ this imphes that SSy [M] is if- flat as a Gm-equivariant Oy- 
dg-module. From this it fohows that the left hand side of (|3.2.2[) is isomorphic to the image in the 
derived category of tt* (^y (A/")) . Indeed, let 7^ be a X-flat resolution of SSy{M^ as a Gm-equivariant 
Ty-dg-module; then the morphism t:*V tt* (^v'(A/')) is a quasi-isomorphism since the functor tt* sends 
every acyclic Ty-dg-module which is iC-flat as a Gm-equivariant Oy-dg-module to an acyclic dg-module. 

Using these remarks, the fact that (13.2.2^ is an isomorphism now follows from the natural isomorphism 
3^x{t^*M) = 7r*(^y(A/')), which finishes the proof of (i). 

Isomorphism (ii) follows from (i) by adjunction. □ 

We will also need the following compatibility result for direct images and duality. It is a "dg-version" of 
Hartshorne's Duality Theorem of IIa66 . 

Proposition 3.2.3. Assume that X and Y are nice schemes, and that tt is proper and of finite type. 
Let n be a dualizing complex for Y. Then there exists an isomorphism of functors from 2?'^'^(7x — Mod) 
to 2?'='=(7V-Mod)°P.- 

Proof. In this proof we will work with some dg- modules which are not necessarily quasi-coherent, but 
which have quasi-coherent cohomology. This is allowed by |BR121 Proposition 3.3.2]. Note also that by 
p3R12, Proposition 3.3.6] we can compute the image under i?7r* of an object of X'(7x — Mod) in the larger 
derived category of all sheaves of 73c-dg-modules. Finally, in this proof we write QAi for the image in 
the suitable derived category of a dg-module Ai. 

Recall that we have fixed bounded below complexes of injective quasi-coherent Ox-modules Iq and It,-<q 
such that QXfi = and QI„<q = 7r f2. By ^IIa66t p. 257], we can assume that both of them are bounded 
complexes. Note that, as X and Y are in particular locally Noetherian, the terms of these complexes are 
injective as O-modules (see |Ha66i Proposition II. 7. 17]). 

Start with some M in C(7x — Mod) such that QAi is in X''"^(7x — Mod), and denote by J" a iiT-injective 
object of C(7x — Mod) endowed with a quasi-isomorphism A4 J'. Then we have 

(3.2.4) Rw^oDl^iQM) - Qw^nomo^iJ 

Indeed, by definition we have DJ^j(QA^) = QHomoxiMjI^'o). Now as X^if^ is a bounded com- 
plex of injective Ox-modules, it is A'-injective in the category of all Ox-modules, hence the morphism 
Homo xi J, ^Tr'n) ^ Homoxi'^T^-K'n) is a quasi-isomorphism (see |Li09[ Lemma (2.4.5.1)]). Now again 
bounded complex of injective Ox-module, the complex of Ox-modules 'Homo^{J is 
made of flasque sheaves, which are 7r,-acyclic. By |Li091 Corollary (3.9.3.5)], we deduce that the natural 
morphism Qir^T-LomoxiJ ^^-K'n) ~^ RT^*QH.omo^{J' ,I^<^) is an isomorphism. This proves p.2.4p . 

Now there exists a morphism of dg-modules 

TT^Homox{J,In'n) ^ 'HomoY{f^*J,-^*In'n)- 

Composing with the morphism induced by the "trace morphism" t:^I^\q — > lo one obtains a morphism 
of dg-modules 

n^HomoYiJ ,1-K'n) Homo.^ (tt* J',Io)- 

Moreover, the image in the derived category of the right hand side is isomorphic to D^^ o i?7r, (QA^). 
Hence we have constructed a natural morphism 

i?^* odJ^^(qx) ^ dJ- oi?^,(gX). 
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After forgetting the action of Ty-, this is the "duahty morphism" of I Ha66i p. 378], which is known to 
be an isomorphism (see |Ha661 Theorem VII. 3. 3]). Hence this morphism is also an isomorphism, which 
finishes the proof of the proposition. □ 

Proof of Proposition 13.1.31 (i) We obtain the isomorphism as the following composition of isomorphisms 
of functors: 

Ltt* o = Ltt* o ° s^y ° 

= o Ltt* o o T>]{ 

Prop. [133] _bc 

= ^xo ■b/x ° Ltt* o 

X ' ' 

(ii) We obtain the isomorphism as the following composition of isomorphisms of functors: 



i?7r* o K^,^ — Rtt^, o ^x ° ■s/ X ° D J 



—be " 
= f y o i?7r* o X ° D 

Prop. [3X1] be ^ 

= O ° RT^* ° D^ffj 

Prop. [333] 



□ 



3.3. Compatibility witli inverse image in the case of smootli varieties. The isomorphism of 
Proposition l3.1.3l i) is not easy to work with in general since the functor tt' has not a completely explicit 
description. In this subsection we give an easier description of this functor in the case X and Y are 
Noetherian, integral, separated, regular schemes of finite dimension. In this case tt has automatically 
finite Tor-dimension, as follows from |Ha77l Ex. III. 6. 9]. Moreover £7 is a shift of a line bundle (see |Ha66i 
Theorem V.3.1 and §V.10]), hence tt*^1 is also a dualizing complex on X. For simplicity we will also 
assume that n < 1 and work with locally finitely generated dg-modules, so that we are in the setting of 

cn 

Lemma 3.3.1. For any A4 in 'D^^{TY — Modi) , there exists an object V in C(7y — Mod) such that Vj is a 
finite complex of locally free Oy -modules of finite rank for any j G Z, and whose image in 2?(7V^Mod) 
is isomorphic to A4. 

Proof. By Lemma [1.8.11 we can assume that Ai is in CJ-Q{Ty)- Then the construction in the proof of 

[MR10| Proposition 3.1.1] produces an object V as in the statement and a quasi-isomorphism V 
M. □ 

Proposition 3.3.2. Assume that X andY are Noetherian, integral, separated, regular schemes of finite 
dimension. Then there exists an isomorphism of functors 

Ltt* o D^^ = Djfj-j o Ln* : 2?fs(7V-Mod) ^ 2?'''=(73f-Mod)°P. 

Proof. Recall that by |BR12[ §3.2-3.3] one can compute the derived functors of inverse and direct image 
functors also in the categories V of all sheaves of dg-modules, and that we obtain functors which are 
compatible in the natural sense with their version for categories V. 

First we construct a morphism of functors 

(3.3.3) D^^ ^ Rtt^o-dI^^oLtt* : C(ry-Mod)°P ^ C(ry-Mod). 

For this construction we observe that we have an isomorphism of functors 

TT^'Homo^{TT*{—),TT*ft) = 7^ome)5,(— , 7r*7r*il) 
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by the local version of the (—)*-(—)* adjunction (see e.g. jKS901 Corollary 2.3.4]), so that (using the 
natural morphism f2 — 7r*7r*57) we obtain a morphism of functors 

nomo^{-M) 7r*Homo^(7r*(-),7r*17) : C(ry-Mod)°P ^ C(ry-Mod). 

Now we observe that the right derived functor of the left hand side is the left hand side of p.3.3p , while the 
r^ght hand side is the composition of the functors TT* : CCTV-Mod)"? C(73f-Mod)°P, T^omo^ (-, 7r*rj) : 
(f(73f-Mod)°P C(73f-Mod) and tt, : C(7x-Mod) C(7V-Mod). These functors admit right derived 
functors, and the composition of these derived functors are the right hand side of p.3.3p . Hence we 
obtain morphism p.3.3p by standard properties of (right) derived functors. 

By adjunction, from p.3.3p we obtain a morphism of functors 

(3.3.4) Lt:* oT>J{ -^T>1^^oLtt* : C{Ty -Mod)°P ^ C{Tx -Mod). 

To conclude the proof, we only have to check that this morphism is an isomorphism on objects of 
2?fg(7^_Mod). By Lemma I5XT] it is enough to prove that it is an isomorphism on images in the derived 
category of objects V in C(7V — Mod) such that Vj is a finite complex of locally free Oy-modules of finite 
rank for any j G Z. Let V be such an object. It is easy to check that Ltt*!^ is the image in the derived 
category oi Tt*V, that the natural morphism 

Homo^ (7r*7', 7r*r2) — > Hom,Ox{'^*'Pi^TT*n) 

is a quasi-isomorphism, and finally that we have a natural isomorphism 

Homox iTT*P,7T*n) = TT*Homox('P,n). 

Hence D^fj^ o L%*V is the image in the derived category of TT*'Homox {T^i ^)- By similar arguments, one 
can check that Lit* o D^^ is also the image in the derived category of Tt*'Homa^ {V, ft), and that p.3.4p 
applied to V is an isomorphism. □ 

Combining Proposition 13. 2. iT i) and Proposition l3.3.2l we obtain the following result. 

Corollary 3.3.5. Assume that X and Y are Noetherian, integral, separated, regular schemes of finite 
dimension. Then there exists an isomorphism of functors 

Ln* okI ^ K^.f^ o Ln* : V^^iTy-Mod) V""" {Tlx -Mod)"'^ . 

3.4. Application to intersections of subbundles. Now we explain the geometric content on Proposi- 
tion [3ITT3] and Corollarv l3.3.5l in the context of Hl.di We assume as above that X and Y are nice schemes 
and that n : X ^ Y is a morphism of finite type. We denote by 51 a dualizing complex for Y . 

Consider a vector bundle E on Y, and let Fi,F2 C E he subbundles. Consider also E-^ :— E Xy X, 
which is a vector bundle on X, and the subbundles Fi Xy X C E^ {i = 1,2). If £, T\, 

arc the respective sheaves of sections of E, F\, F2, then tt*£, 'k*T\, 11*^2 are the sheaves of sections of 
E-^ , F^ , F^ , respectively. Out of these data we define the complexes Xx and Xy = it* Xx as in ijl.91 
and then the dg-algebras Tx, Sx, T^x and Ty, Sy, TZy. Note that we have natural isomorphisms of 
dg-algebras 

Tx=T^*Ty, Sx=T^*Sy, TZx^Tr*'R-y- 

We define the categories 

(^1 F2 ) , V^^^ {Ft He- F^ ) 
VljF^nE^F^), VlJ{Ft)^\E^y {F^)^) 
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as in mM Then by Theorem II .9.31 there are equivalences of categories 



T^GjFinEF2 



If X and Y are Noetherian, integral, separated, regular schemes of finite dimension, we also have an 
equivalence 

K^.n'-T^GjF.^r^E^Fi') ^ V^^J{F,^)^(^^^.y{Fi')^r. 
The morphism of schemes tt induces a morphism of dg-schemes 

n : F^ Hex F^ ^ FinEF2. 
This morphism can be represented by the natural morphism of dg- ringed spaces {X, Tx) {Y, Ty)- 
Lemma 3.4.1. (1) Assume tt has finite Tor- dimension. The functor 

Ln* ■.V'(;jFir\EF2) ^ V{Tx-Mod) 



takes values in T>^^{F^ H^jx F^). 
(2) Assume tt is proper. Then the functor 

m^-.vijF^hExFf) 

takes values in T>^ {Fi Cie F2). 



r>(7V-Mod) 



Proof, (i) As 73s: — 7r*7V and Ty is iC-fiat over 7^ = S(7^^), the following diagram commutes: 



— ^^(Ti-Mod) 

For 

•I?(S(7r*J-2'')-Mod). 



T^'GjFinEF2)- 

For 

I>^S(S(j:-V)_|viod) - 

On the bottom line, tt is the morphism of dg-schemes {X, S(7r*7^^)) — > (Y, S(J^^)) induced by tt. 
But 2?fs(S(J2^)-Mod) is naturally equivalent to 2?''Coh^" (F2) (see the proof of Lemma [2XT|) . and 
2?(S(7r* J^^) — Mod) to X'QCoh'^'"(f^). Moreover, via these indentifications, LW* is the inverse image 
functor for the morphism F^ — >• F2 induced by tt. Hence LW* takes values in I?^s(S(7r* J^^^) — Mod). Our 
result follows. 

(ii) The proof is similar. It uses the fact that, as 73s: is TsT-flat over S(7r*J%^), every iiT-injective object in 
C(73s: — Mod) has an image in C(S(J^^) — Mod) which is also X-injective (see [RilOl Lemma 1.3.2]), so that 
the diagram 



'D'GjFi'nExF2^)- 

For 

pfs(S(7r*J'2'')-Mod) 



RW* 



■P(7V-Mod) 

For 

•I?(S(J"2'')-Mod) 



commutes. 



□ 



Similarly, tt induces a morphism of dg-schemes 

Tr:{F,^)^\ExriFi')^^F,^ISE^F2^ 
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hence, if tt has finite Tor-dimension, a functor 



and, if tt is proper, a functor 

Rn, : VlJ{F,'')^n^E-r (^2)^) ^ T^l^iK r^E' F^). 
The following result is an immediate consequence of Proposition 13 . 1 .31 and Corollary 13.3.51 

Proposition 3.4.2. Assume that X and Y are nice schemes and that tt is of finite type. Let fl be a 
dualizing complex for Y . 

(1) //tt is proper, there exists a natural isomorphism of functors 

kI o i?7r, = Rn,oK% : Vl^ [F^ He- F^ ) -> V^^ {F^ He^ F^^^ . 

(2) If TT has finite Tor-dimension, then the functor tt' sends the subcategory fl^; i^2) into 

{F^ n^'x F^), and there exists a natural isomorphism of functors 

Lronl - ^^^o^! ■.V^^jF,nEF2)^V^^JiF,'')^\E-r{Fi')^r. 

(3) // X and Y are Noetherian, integral, separated, regular schemes of finite dimension, then there 
exists a natural isomorphism of functors 

Lronl - n'^.^oir ■■VljF^C\EF2)^VlJ{F^)^\E-Y{F^)^r- 
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